Abstract. In this paper, SP-convergence theory of nets, ideals and filters are built by means of the concept of strongly preclosed L-sets. Their applications are presented.
Introduction and preliminaries
The convergence theory has some significant applications not only in topology and analysis but also in inference and some other aspects.
In [21] , Pu and Liu introduced the concepts of the Q-neighborhood and established a systematic Moore-Smith convergence theory of fuzzy nets. Wang extended this theory to L-fuzzy set theory in terms of closed remote-neighborhoods of molecules [25] . Later on, all kinds of convergence theory were presented [3, 4, 5, 10, 11, 12, 14, 18, 16, 17, 23] etc..
In this paper, we shall establish the SP-convergence theory of nets, ideals and filters based on the idea of [25] .
Throughout this paper (L, ∨, ∧, ′ ) is a completely distributive de Morgan algebra, X a nonempty set. L X is the set of all L-fuzzy sets (or L-sets for short) on X. The smallest element and the largest element in L X are denoted by 0 and 1, respectively. An element a in L is called prime if a ≥ b ∧ c implies a ≥ b or a ≥ c. An element a in L is called co-prime if a ′ is a prime element [15] . The set of nonunit prime elements in L is denoted by P (L). The set of nonzero co-prime elements in L is denoted by M (L). The set of nonzero co-prime elements in L X is denoted by M (L X ). Each member in M (L X ) is also called a point.
The binary relation ≺ in L is defined as follows : for a, b ∈ L, a ≺ b if and only if for every subset D ⊆ L, the relation b ≤ sup D always implies the existence of d ∈ D with a ≤ d [13] . In a completely distributive DeMorgan algebra L, each member b is a sup of {a ∈ L | a ≺ b}. In the sense of [19, 25] , {a ∈ L | a ≺ b} is the greatest minimal family of b, in symbol β(G)
For an L-set G ∈ L X , β(G) denotes the greatest minimal family of G and β
int sp (G) and cl sp (G) are called strong preinterior and strong preclosure of G, respectively.
(1) G is strongly preopen if and only if G = int sp (G); (2) G is strongly preclosed if and only if G = cl sp (G).
(1) P 1 ∈ P and P 2 ≥ P 1 implies P 2 ∈ P; (2) P 1 , P 2 ∈ P implies that P 1 ∧ P 2 ∈ P.
A filter P is called a proper filter if
2. SP-adherence points and SP-accumulation points
and P ∈ L X . P is called a remote set of x λ if x λ ≤ P . A remot set P of x λ is called a strongly preclosed (strongly semiclosed, pre-semiclosed) remote set of x λ if P is strongly preclosed (strongly semiclosed, pre-semiclosed respectively).
The set of all strong preclosed (strongly semiclosed, pre-semiclosed) remote sets of x λ is denoted by η sp (x λ ) (η ss (x λ ), η ps (x λ ) respectively). 
. But each inverse is not true, these can be seen from the following example.
Let (X, T ) be an L-space, where τ = {0, A, B, 1}. Then C is strongly preclosed, but it is not strongly semiclosed, also D is pre-semiclosed, but it is not strongly preclosed. We can take x 0.5 and x 0.7 , where x = x 2 ∈ X, then x 0.5 and x 0.7 are two points and x 0.5 ≤ C,
The union of all SP-accumulation points of G is called the SP-derived set of G and denoted by G dsp .
(1) x λ is an SP -adherence point of G if and only if x λ ≤ cl sp (G); (2) cl sp (G) equals the union of all SP -adherence points of G;
Proof.
(1) (⇒). Suppose that
Suppose that x λ ≤ cl sp (G) and x λ is not an SP-adherence point of G, then there exists a P ∈ η sp (x λ ) such that G ≤ P , this imples that cl sp (G) ≤ P since P is strongly preclosed. Thus
by (1), we have that cl sp (G) is the union of all its SP-adherence points. (3) We need only prove that cl sp (G) ≤ G ∨ G dsp . In fact, if for some point x λ ≤ cl sp (G), it follows that x λ ≤ G, then by (1) and Definition 2.4 we know that (1) and Definition 2.4 we have that G dsp ≤ P for each P ∈ η sp (x λ ). Hence there exists an SP-accumulation point e of G such that e ≤ P , which means P ∈ η sp (e). But e is an SP-adherence point of G, hence G ≤ P . Form above statement, we know that G ≤ P for each P ∈ η sp (x λ ), so x λ is SP-adherence point of G. Thus by (1) we have x λ ≤ cl sp (G). Theorem 2.6. Let (X, T ) be an L-space and G ∈ L X . Then G is strongly preclosed if and only if for each point x λ ≤ G, there exists P ∈ η sp (x λ ) such that G ≤ P .
Proof. The necessity is obvious. Now we prove the sufficiency. Suppose that for each point x λ ≤ G, there exists P ∈ η sp (x λ ) such that G ≤ P , i.e., there exists P ∈ η sp (x λ ) such that cl sp (G) ≤ P . Then x λ ≤ cl sp (G). Hence above statement implies that
. Therefore G is strongly preclosed.
SP-convergence of nets
In this section, we shall discuss SP-convergence of nets.
(1) x λ is said to be an SP-limit point of S, in symbols,
(2) x λ is said to be an SP-cluster point of S, in symbols,
The union of all SP-limit points and the union of all SP-cluster points of S will be denoted by lim sp S and ad sp S, respectively. Obviously lim sp S ≤ ad sp S.
Remark 3.2. From Definition 3.1 and Definition 2.1 in [3] and Definition 5.1 in [4] we easily know that PS-adS ≤ ad sp S ≤ Q-adS and PS-lim S ≤ lim sp S ≤ Q-lim S.
and S be a net in L X . Then the following statements are true.
(1) Let T = {T (n) | n ∈ D} be a net with the same domain as S and for each n ∈
be a net with the same domain as S and for each n ∈
Proof. It is simple and omitted. Proof.
(1) The necessity is obvious. We prove the sufficiency.
Suppose that x λ ≤ lim sp S and P ∈ η sp (x λ ). Then lim sp S ≤ P . By the definition of lim sp S, there exists an SP-limit point e of S such that e ≤ P , i.e., P ∈ η sp (e). By e is an SP-limit point of S, we know that S is eventually not in P , therefore S SP −→ x λ . (2) This is analogous to proof of (1).
By the definition of subnet, there exists a mapping N :
and n ≥ n 0 . This implies that S(n) ≤ P is frequently true. Thus S SP ∝ x λ . Theorem 3.6. Let (X, T ) be an L-space and S be a net in L X . Then lim sp S and ad sp S are strongly preclosed.
Proof. Let x λ ≤ cl sp (lim sp S). Then lim sp S ≤ P for each P ∈ η sp (x λ ). Hence there exists a point e such that e ≤ lim sp S and e ≤ P . Then P ∈ η sp (e). By Theorem 3.4 S SP −→ e. Hence S ≤ P is eventually true. Thus x λ ≤ lim sp S. This implies that lim sp S is strongly preclosed.
Similarly ad sp S is strongly preclosed.
Now we give characterization of SP-accumulation point of L-set G by means of net. Let G ∈ L X , x ∈ X, we define G − x 1 follow as:
Then
Proof. Suppose that x λ ≤ G and there exists a net S = {S(n) | n ∈ D} in G − x 1 such that S SP −→ x λ . Let P ∈ η sp (x λ ) and x µ is a point satisfying x λ ≤ x µ ≤ G. Hence there exists n ∈ D such that S(n) = y γ ≤ P and by y γ ≤ G − x 1 , we know y = x, so y γ ≤ x µ . Hence y γ ≤ P ∨ x µ , therefore G ≤ P ∨ x µ . By Definition 2.4, we have that x λ is an SP-accumulation point of G.
SP-convergence of ideals
(1) x λ is said to be SP-limit point of I, in symbols,
(2) x λ is said to be SP-cluster point of I, in symbols, I SP ∝ x λ if for each G ∈ I and each P ∈ η sp (x λ ), it follows that G ∨ P = 1.
The union of all SP-limit points and union of all SP-cluster points of I are denoted by lim sp I and ad sp I, respectively. Obviously, lim sp I ≤ ad sp I. Proof. It is simple and omitted.
Proof. Suppose that I SP −→ x λ and G ∈ I. Let P ∈ η sp (x λ ), then by the fact that η sp (x λ ) ⊂ I and I is a lower set, we know that G ≤ P , so x λ is an SP-adherence point of G, therefore x λ ≤ cl sp (G).
, and x λ ≤ G.
If there exists an ideal I in L X such that G − x 1 ∈ I and I SP −→ x λ , then x λ is an SP-accumulation point of G.
Proof. Suppose that there exists an ideal I in L
X such that G−x 1 ∈ I and I SP −→ x λ . Let P ∈ η sp (x λ ), then by η sp (x λ ) ⊂ I, we have P ∈ I. Since I is lower set, we know that G − x 1 ≤ P , so G ≤ P ∨ x G(x) . In particular, for each point x µ ∈ M (L X ) with x λ ≤ x µ ≤ G, we have G ≤ P ∨ x µ . Hence x λ is an SP-accumulation point of G. Proof. We prove only the sufficiency of (1). Suppose that x λ ≤ lim sp I, P ∈ η sp (x λ ). Then x λ ≤ P , so lim sp I ≤ P . By definition of lim sp I, we know that I has an SP-limit point e such that e ≤ P , i.e., P ∈ η sp (e) ⊂ I, thus P ∈ I, therefore η sp (x λ ) ⊂ I. Hence
Theorem 4.6. Let (X, T ) be an L-space, I be an ideal in L X . Then lim sp I and ad sp I are strongly preclosed.
Proof. The proof is analogous to the proof of The Theorem 3.6.
SP-convergence of filters
In this section, we first introduce the concept of SP-convergence of filters and then discuss its some properties.
Definition 5.1. Let (X, T ) be an L-space, x λ ∈ M (L X ) and P ∈ L X . P is called a quasi set of x λ if x λ ≤ P ′ , in this case, we also say that x λ quasi-coincides with P and it is denote by x λq P . A quasi set P of x λ is called a strongly preopen quasi set of x λ if P is strongly preopen.
The set of all strong preopen quasi sets of x λ is denoted by Q sp (x λ ).
Remark 5.2. From the above definition , we can see that if
Definition 5.3. Let (X, T ) be an L-space, P be a proper filter in L X and e ∈ M (L X ).
(1) e is called an SP-cluster point of P, in symbol, P SP ∝ e if for every U ∈ Q sp (e) and every A ∈ P, it follows that U ∨A = 0, in this case, we also say that P SP-accumulates to e. (2) e is called an SP-limit point of P, in symbol,
The union of all SP-cluster points of P is denoted by ad sp P and the union of all SP-milit points of P is denoted by lim sp P.
Theorem 5.4. Let (X, T ) be an L-space, P be a proper filter and e ∈ M (L X ). Then Proof. It is simple and omitted.
Definition 5.5. Let (X, T ) be an L-space, P,G be proper filters in L X . Say G is finer than P, or say P is coarser than G, if P ⊂ G. Theorem 5.6 Let (X, T ) be an L-space, P,G be proper filters in L X , P be coarser than G and e ∈ M (L X ). Then
Proof. It is simple and omitted.
Relations among nets, ideals, filters
In this section, we discuss relations among nets, ideals and filters.
For every pair of elements (e 1 , G 1 ) and (e 2 , G 2 ) in D(I), we define that (e 1 , G 1 ) ≤ (e 2 , G 2 ) if and only if G 1 ≤ G 2 . Then (D(I), ≤) is a directed set. Clearly, S(I) = {S(I)(e, G) = e | (e, G) ∈ D(I)} is a net in L X and is called the net induced by I.
X and is called the ideal induced by S.
Theorem 6.2. Let (X, T ) be an L-space and I be an ideal in L X . Then
(1) lim sp I = lim sp S(I); (2) ad sp I = ad sp S(I).
Proof. We prove only (1) . Let e ≤ lim sp I. Then I SP −→ e, so P ∈ I for each P ∈ η sp (x λ ). Hence (e, P ) ∈ D(I). If (a, G) ∈ D(I) and (a, G) ≥ (e, P ), then we have S(I)(a, G) = a ≤ G ≥ P . This implies that S(I) is not eventually in P for each
Conversely, let e ≤ lim sp S(I). Then S(I) SP −→ e. Therefore for each P ∈ η sp (e) there exists (a, G) ∈ D(I) such that S(I)(b, H) = b ≤ P whenever (b, H) ≥ (a, G) and (b, H) ∈ D(I). In particular, take H = G, we know that b ≤ G implies b ≤ P , or equivalently b ≤ P implies b ≤ G. Hence P ≤ G follows from Theorem 1.5.29 in [25] . Note that I is a lower set and G ∈ I, so P ∈ I. This shows that η sp (e) ⊂ I. Hence Proof. We prove only (2). In accordance with Theorems 4.5 and 3.4, we need only
Then S is not frequently in P for each P ∈ η sp (x λ ). On the other hand, S is not eventually in G for each G ∈ I(S). Hence S is not frequently in P ∨ G for each P ∈ η sp (x λ ) and each G ∈ I(S). This means that
Now we give relations between nets and filters. Definition 6.4. Let (X, T ) be an L-space, P be a filter in L X and S be a net in L X . For S, define the filter associated with the net S as the family P(S) of all the L-subsets on X which the net S eventually quasi-coincides with.
For P, let
and equip it with a relation ≤ on it as
Define the net associated with the filter P as the mapping
Then the filter P(S) associated with S is a proper filter in L X , D(P) equipped with ≤ is a directed set and the S(P) associated with P is a net in L X . (1) (⇔) By the relative definitions.
By the arbitrariness of U ∈ η sp (e),
Since A 0 ∈ P, P is a filter, so U ∈ P. By the arbitrariness of U ∈ Q sp (e), Q sp (e) ⊂ P . P SP −→ e.
this is that we need to prove.
(⇐) Suppose S(P) SP ∝ e, A ∈ P, U ∈ Q sp (e)(so U ′ ∈ η sp (e)), we need to show A ∧ U = 0. Since A ∈ P and P is a proper filter in
Since A ∈ P(S), ∃n 0 ∈ D such that ∀n ≥ n 0 , S(n) ≤ A ′ . Since U ∈ Q sp (e), i.e.,
7. Applications of SP-convergence theory of nets
Proof. Suppose that f is SP-irresolute and
Conversely, let P be strongly preclosed in (Y, T 2 ). We may assume that f 
Proof. Suppose that f is SP-irresolute and S 
(1) Suppose that S = {S(n) | n ∈ D} is a net in L X and g ∈ f (2) Let T = {T (n) | n ∈ D} be a net in
is a net in L X . Since f is SP-irresolute, according to (1) we have
